Abstract. We review many body calculations of the equation of state of dilute neutron matter in the context of effective field theories of the nucleon-nucleon interaction.
Introduction
One of the central problems of nuclear physics is to calculate the properties of nuclear matter starting from the two-body scattering data and the binding energies of few body bound states [1, 2] . The nuclear matter problem is notoriously difficult. Some of the problems that are often mentioned are -the large short-range repulsive core in the nucleonnucleon interaction -the large scattering length in the 1 S 0 channel, the small binding energy of the deuteron, and the small saturation density -the need to include three (and possibly four) body forces -the need to include non-nucleonic degrees of freedoms, such as isobars, mesons, quarks, etc.
Ever since the discovery of QCD the classic nuclear matter problem has evolved into the broader question of how the properties of nuclear matter are related to the parameters of the QCD, the QCD scale parameter and the masses of the light quarks.
Over the last couple of year much progress has been made in understanding these kinds of questions in the case of nuclear two and three-body bound states [3] . Using effective field theory methods it was shown that -the short range behavior of the nuclear force is not observable. Using the renormalization group the short distance behavior can be modified without changing low energy scattering data and binding energies [4, 5] . -effective field theories can accommodate the large scattering lengths in the nucleon-nucleon system [6] . The scattering lengths depend sensitively on the quark masses, see Fig. 1 , and the large value of a( 1 S 0 ) observed in nature appears to be accidental [7, 8] .
-a local three body force is necessary to renormalize the two-body force already at leading order. As a consequence, one cannot predict three-body binding energies based on two-body scattering data alone [9] .
-non-nucleonic degrees of freedom, quark effects, relativistic effects etc. can be absorbed in local operators.
Effective field theories have also achieved remarkable quantitative success in describing the available nucleonnucleon scattering data below the pion production threshold [10, 11] . The long term goal is to achieve a similar qualitative and quantitative understanding of the nuclear many body problem.
In this contribution we shall study a simple limiting case of the nuclear matter problem. We shall concentrate on pure neutron matter at densities significantly below nuclear matter saturation density. The neutron-neutron scattering length is a nn = −18 fm and the effective range is r nn = 2.8 fm. This means that there is a range of densities for which the inter-particle spacing is large compared to the effective range but small compared to the scattering length. Neutron matter in this regime exhibits interesting universal properties. We are interested in the limit (k F a nn ) → ∞ and (k F r nn ) → 0, where k F is the Fermi momentum. From dimensional analysis it is clear that the energy per particle at zero temperature has to be proportional to energy per particle of a free Fermi gas at the same density
The constant ξ is universal, i. e. independent of the details of the system. Similar universal constants govern the magnitude of the gap in units of the Fermi energy and the equation of state at finite temperature. Universality also implies that the properties of this system can be studied using atoms rather than nuclei. The scattering length of certain fermionic atoms can be tuned using Feshbach resonances, see [14] for a review. A small negative scattering length corresponds to a weak attractive interaction between the atoms. This case is known as the BCS limit. As the strength of the interaction increases the scattering length becomes larger. It diverges at the point where a bound state is formed. The point a = ∞ is [12] ) and chiral extrapolations. The experimental point is shown in purple. Two different power counting schemes were employed to constrain the quark mass dependence, the BBSvK scheme [6, 13] and the W (Weinberg) scheme [3] .
called the unitarity limit, since the scattering cross section saturates the s-wave unitarity bound σ = 4π/k 2 . On the other side of the resonance the scattering length is positive. In the BEC limit the interaction is strongly attractive and the fermions form deeply bound molecules.
Numerical Calculations
The calculation of the dimensionless quantity ξ is a nonperturbative problem. In this section we shall describe an approach based on lattice field theory methods. The physics of the unitarity limit is captured by an effective lagrangian of point-like fermions interacting via a shortrange interaction. The lagrangian is
The standard strategy for dealing with the four-fermion interaction is to use a Hubbard-Stratonovich transformation. The partition function can be written as [15] 
where s is the Hubbard-Stratonovich field and c is a Grassmann field. S is a discretized euclidean action [15] . The curves labeled (fc,f1,f2) show results for a free gas on the lattice and in the continuum, the curves labeled (b1,b2) show ladder sums, and (s1,s2) are numerical results on different lattices. We also compare to the variational results of Friedman and Pandharipande (FP).
Here i labels spin and n labels lattice sites. Spatial and temporal unit vectors are denoted byl s and0, respectively. The temporal and spatial lattice spacings are b τ and b. The dimensionless chemical potential is given byμ = µb τ . We define α t as the ratio of the temporal and spatial lattice spacings and h = α t /(2m). Note that for C 0 < 0 the action is real and standard Monte Carlo simulations are possible.
The four-fermion coupling is fixed by computing the sum of all two-particle bubbles where on the lattice. Schematically,
where the sum runs over discrete momenta on the lattice and E p is the lattice dispersion relation. A detailed discussion of the lattice regularized scattering amplitude can be found in [16, 17, 15] . For a given scattering length a the four-fermion coupling is a function of the lattice spacing. The continuum limit correspond to taking the temporal and spatial lattice spacings b τ , b to zero
where µ is the chemical potential, n is the density and an 1/3 is fixed. We performed numerical simulations at non-zero temperature and concluded that ξ = (0.09 − 0.42). Lee studied canonical T = 0 simulations and obtained ξ = 0.25 [18] . Green Function Monte Carlo calculations give ξ = 0.44 [19] , and finite temperature lattice simulations have been extrapolated to T = 0 to yield similar results [20, 21] .
Lattice results for the equation of state of dilute neutron matter at T = 4 MeV are shown in Fig. 2 . For comparison, we show variational results obtained by Friedman and Pandharipande using a phenomenological potential [22] . We observe that the lattice calculations agree very well with the variational result. The pressure is very similar that of non-interacting neutrons scaled by a factor ∼ 1/2. The lattice calculation can be extended to higher densities by including explicit pionic degrees of freedom in the effective lagrangian [23] . In this case a mild sign problem returns, but at T = 0 this sign problem can be handled with standard methods.
Analytical Approaches: Large N expansion
It is clearly desirable to find a systematic analytical approach to the dilute Fermi liquid in the unitarity limit. Various possibilities have been considered, such as an expansion in the number of fermion species [24, 25] or the number of spatial dimensions [26, 27, 28, 29] .
We begin with a brief description of the large N approach. The physics of the large N limit depends on the symmetries of the interaction. One possibility is a SU (N ) symmetric interaction [24] 
where f = 1, . . . , N is a flavor label. A smooth large N limit is achieved by keeping C 0 N = c 0 constant as N → ∞. The large N limit is most easily studied by introducing a Hubbard Stratonovich field σ coupled to the density ψ † f ψ f . The leading contribution to the free energy comes from the free fermion term and the mean field contribution, both of which scale as N . Subleading 1/N corrections arise from particle-hole ring diagrams. The problem is that at any fixed order in the large N expansion the free energy diverges as the scattering length is taken to infinity.
This problem is related to the fact that particle ladders need to be summed in the unitarity limit. This can be achieved by by considering a Sp(2N ) symmetric interaction of the form [25] 
where J = (σ 2 ) ⊗ . . . ⊗ (σ 2 ) and G 0 N = g 0 constant as N → ∞. This interaction can be bosonized using a difermion field Φ = (ψ f J f g ψ g )/N . At large N the leading contribution corresponds to the mean field BCS approximation. The thermodynamic potential in the unitarity limit is
with ǫ p = E p − µ. This function can be minimized numerically. We find Φ 0 = 1.16µ and ξ = 0.59. Nikolic and Sachdev studied 1/N corrections near T c [25] . These effects are not small. They find, for example, (µ/T )(T c ) = 1.50 + 2.79/N + O(1/N 2 ).
¡ ¢ £ ¤ Fig. 3 . The particle ladder diagrams shown in this figure give the leading order contribution to the ground state energy in the large d limit.
Large d expansion
Steele suggested that the many body problem of nonrelativistic fermions near the unitarity limit can be studied using an expansion in 1/d, where d is the number of spatial dimensions [26] . The main idea is that phase space factors associated with hole lines are suppressed as d → ∞ so that the leading order contribution comes from 2-particle ladders, and higher order corrections correspond to the hole line expansion of Bethe and Brueckner. Consider the effective lagrangian in equ. (2) . We first study perturbative corrections to the ground state energy in d spatial dimensions. The leading order correction to the energy per particle is
This expression indicates that the large d limit should be taken in such a way that
In the following we wish to study whether this limit is smooth even if the theory is non-perturbative. Consider the in medium two-particle scattering amplitude in d spatial dimensions. The result is
with k 1,2 = P /2 ± k requires both fermion momenta to be above the Fermi surface. The first term on the RHS is the vacuum contribution. In dimensional regularization the vacuum term is purely imaginary and does not contribute to the ground state energy. The second term is the medium contribution which depends on the scaled relative momentum κ = k/k F and center-of-mass momentum s = P /(2k F ).
In the large d limit we find
which implies that all two-particle ladder diagrams are of the same order, see Fig. 3 . The sum of all ladder diagrams can be calculated by noting that, except for the logarithmic (BCS) singularity at s = 0, κ = 1, the particleparticle bubble is a smooth function of the kinematic variables s and κ. Hole-hole phase space, on the other hand, is strongly peaked ats =κ = 1/ √ 2 in the large d limit. We find that f
The ladder sum is a simple geometric series and [27] 
where λ is the coupling constant defined in equ. (11) . We observe that if the strong coupling limit λ → ∞ is taken after the limit d → ∞ the universal parameter ξ is given by 1/2. We have also studied the role of pairing in the large d limit. The pairing gap is
There is no exponential suppression in d → ∞ limit, but ∆/E F is down by a power of 1/d. As a consequence the pairing energy is sub-leading compared to the result in equ. (14).
Epsilon expansion near four dimensions
Nussinov & Nussinov observed that the fermion many body system in the unitarity limit reduces to a free Fermi gas near d = 2 spatial dimensions, and to a free Bose gas near d = 4 [28] . Their argument was based on the behavior of the two-body wave function as the binding energy goes to zero. For d = 2 it is well known that the limit of zero binding energy corresponds to an arbitrarily weak potential. In d = 4 the two-body wave function at a = ∞ has a 1/r 2 behavior and the normalization is concentrated near the origin. This suggests the many body system is equivalent to a gas of non-interacting bosons.
A systematic expansion based on the observation of Nussinov & Nussinov was studied by Nishida and Son [29, 30] . In this section we shall explain their approach. We begin by restating the argument of Nussinov & Nussinov in the effective field theory language. In dimensional regularization a → ∞ corresponds to C 0 → ∞. The fermionfermion scattering amplitude is given by
where δ → 0+. As a function of d the Gamma function has poles at d = 2, 4, . . . and the scattering amplitude vanishes at these points. Near d = 2 the scattering amplitude is energy and momentum independent. For d = 4 − ǫ we find
We observe that at leading order in ǫ the scattering amplitude looks like the propagator of a boson with mass 2m. The boson-fermion coupling is g 2 = (8π 2 ǫ)/m 2 and vanishes as ǫ → 0. This suggests that we can set up a perturbative expansion involving fermions of mass m weakly coupled to bosons of mass 2m. In the unitarity limit the Hubbard-Stratonovich transformed lagrangian reads
T is a two-component Nambu-Gorkov field, σ i are Pauli matrices acting in the Nambu-Gorkov space and σ ± = (σ 1 ± iσ 2 )/2. In the superfluid phase φ acquires an expectation value. We write
where φ 0 = φ . The scale M 2 = mφ 0 /(2π) was introduced in order to have a correctly normalized boson field. The scale parameter is arbitrary, but this particular choice simplifies some of the loop integrals. In order to get a well defined perturbative expansion we add and subtract a kinetic term for the boson field to the lagrangian. We include the kinetic term in the free part of the lagrangian
The interacting part is
Note that the interacting part generates self energy corrections to the boson propagator which, by virtue of equ. (17), cancel against the kinetic term of boson field. We have also included the chemical potential term in L I . This is motivated by the fact that near d = 4 the system reduces to a non-interacting Bose gas and µ → 0. We will count µ as a quantity of O(ǫ). The Feynman rules are quite simple. The fermion and boson propagators follow from equ. (20) and the fermionboson vertices are igσ ± . Insertions of the chemical potential are iµσ 3 . Both g 2 and µ are corrections of order ǫ. In order to verify that the ǫ expansion is well defined we have to check that higher order diagrams do not generate powers of 1/ǫ. Studying the superficial degree of divergence of diagrams one can show that there are only a finite number of one-loop diagrams that generate 1/ǫ terms.
The leading order diagrams that contribute to the effective potential are shown in Fig. 4 . The first diagram is the free fermion loop which is O(1). The second diagram is the µ insertion which is O(1) because the loop diagram is divergent in d = 4. The sum of these two diagrams is
The integral can be computed analytically. Expanding to first order in ǫ = 4 − d we get
Nishida and Son also computed the two-loop contribution shown in Fig. 4 . The result is
where C ≃ 0.14424. We can now determine the minimum of the effective potential. We find
The value of V = V 1 + V 2 at φ 0 determines the pressure and n = ∂P/∂µ gives the density. We find
We can compare this result with the density of a free Fermi gas in d dimensions. This equation determines the relation between ǫ F ≡ k 2 F /(2m) and the density. We get
We determine ǫ F for the interacting gas by inserting n from equ. (26) into equ. (27) . The universal parameter is ξ = µ/ǫ F . We find
where we have set ǫ = 1. The calculation has been extended to O(ǫ 7/2 ) by Arnold et al. [31] . Unfortunately, the next term is very large and it appears necessary to combine the expansion in 4 − ǫ dimensions with a 2 + ǫ expansion in order to extract useful results. 
Epsilon expansion near two dimensions
Near two spatial dimensions the scattering amplitude in the unitarity limit vanishes linearly inǭ = d − 2
The coefficient ofǭ is momentum end energy independent. This means that we can set up a perturbative expansion with an effective four-fermion coupling g 2 = 2πǫ/m. This expansion is very similar to the perturbative (k F a) expansion studied by Huang, Lee and Yang [32, 33] , see Fig. 5 , but it is not restricted to the weak coupling limit. To O(ǭ) the effective potential is given by
where P f ree is the pressure of free fermions expanded to O(ǭ) and the density is given by
From the total pressure we can compute the density and Fermi energy as in the previous section. The universal parameter ξ is given by
Similar to the perturbative expansion pairing is exponentially suppressed in theǭ expansion. The pairing gap is [30] 
which corresponds to the perturbative result of Gorkov and Melik-Barkhudarov [34] . Equation (32) shows that thē ǫ expansion is poorly convergent. However, theǭ expansion is useful in improving the convergence of the ǫ = d−4 expansion, and in connecting the perturbative (k F a) expansion with the physics of the unitarity limit.
Outlook
In this contribution we focused on an idealized systems of neutrons at very low density. The obvious question is to what extent these methods can be extended to nuclear systems near saturation density. The lattice simulations can easily be extended to include finite range effects, explicit pions, and isospin. Some of these refinements will cause a sign problem in the simulation, but in most cases the sign problem can be handled with standard methods. A significant amount of work will be required in order to reduce discretization errors to the point where the interactions are quantitatively reliable all the way up to momenta on the order of the Fermi momentum in nuclear matter.
The large N , large d, or epsilon expansions are easily extended to interactions with a finite scattering length and a finite effective range [25, 35, 36] . There is also no obvious obstacle to including explicit pion degrees of freedom. It will be interesting to extend these methods to systems of protons and neutrons. In this case three-body forces have to be included. The central question is whether saturation can be achieved, and whether effective field theories provide a qualitative understanding of the Coester line [37] .
We should also note that the many body physics that governs the equation of state of nuclear matter near saturation density may well be simpler than the physics of the unitarity limit. Effective range corrections suppress the two-body scattering amplitude and nuclear matter is more perturbative than dilute neutron matter. As a consequence, perturbative calculations using soft potentials or effective interactions adjusted to nuclear matter properties may well be reliable [38, 39] .
